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Introduction
An abelian variety A of dimension g defined over the complex number field C is called
a CM abelian variety of type K if K is a CM-field of degree 2g and there exists an injective
homomorphism θ : K → End(A) ⊗ Q of Q-algebra. For each integer m > 2, consider the
hyperelliptic curve
Cm : y2 = xm − 1
defined over C. If m is either an odd prime number or 4, then the Jacobian variety J (Cm)
of Cm is known to be a simple CM abelian variety of type Q(ζm), the m-th cyclotomic field.
More generally the Jacobian variety J (Fm) of the Fermat curve
Fm : xm + ym = 1
of degree m is isogenuous to a product of some CM abelian varieties whose corresponding
CM-fields are subfields of Q(ζm). In [28] Shioda verified the Hodge conjecture for arbi-
trary power of J (Fm) when either m is a prime number or m ≤ 20. Since Cm is a quotient
of Fm by a subgroup of the automorphism group of Fm, the Hodge conjecture for J (Cp) is
also true for any prime number p. Moreover, he showed that J (Cp) is stably nondegenerate
in the sense of Hazama ([10], [11] and [12]). (An abelian variety A is said to be nonde-
generate if all Hodge cycles of A are generated by the divisor classes in the Hodge ring of
A. Moreover, A is said to be stably nondegenerate if arbitrary powers of it are nondegen-
erate. For more details see Section 1.) If m is a composite number other than 4, then the
Jacobian variety J (Cm) of the hyperelliptic curve Cm is not necessarily stably nondegen-
erate and yet Shioda verified the Hodge conjecture for J (Cm) when m ≤ 21. For example
J (C9), J (C15) and J (C21) are degenerate (=not nondegenerate) abelian varieties for which
the Hodge conjecture holds. (Although Schoen [24] and van Geemen [7] later verified the
Hodge conjecture for certain degenerate abelian fourfolds, we are not concerned here with
their work.)
In our previous paper [4] we developed Shioda’s investigation a little further. For
example, we verified the Hodge conjecture for arbitrary powers of J (Fm) when m is a
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power of a prime number (see Theorem 1.2). On the other hand, generalizing the work of
Kubota [17], Hazama [13] proved that the Jacobian variety of the Catalan curve
Cp,q : yq = xp − 1
(p, q distinct primes) is stably nondegenerate. As one can easily see from the defining
equation, the Catalan curve is a quotient of the Fermat curve Fpq of degree pq , and more
generally for any positive integers μ, ν the generalized Catalan curve
Cpμ,qν : yqν = xpμ − 1
is also a quotient of the Fermat curve Fpμqν of degree pμqν . In a recent paper [5] we
have generalized Hazama’s result as follows: The Jacobian variety J (Cpμ,qν ) of Cpμ,qν
is degenerate whenever (μ, ν) = (1, 1), but the Hodge conjecture holds for any power of
J (Cpμ,qν ). We have also proved that every simple factor of J (Cpμ,qν ) is stably nonde-
generate. Thus we are naturally lead to a question wheather one can construct an example
of simple degenerate CM abelian variety for which the Hodge conjecture holds. Shioda’s
examples provide such abelian varieties of small dimension. The purpose of this paper is
to show that there exist simple degenerate CM abelian varieties of arbitrary large dimen-
sion for which the Hodge conjecture hold by considering simple factors of J (Fm) when m
satisfies certain arithmetic conditions.
This paper is organized as follows. In Section 1 we will review some basic facts
on the Hodge conjecture for abelian varieties, and in Section 2 we will summarize our
main results, some of which will be restated more presicely in later sections. Section 3
is a preliminary section, where we will recall some notation and some results from [29]
and [1]. The CM abelian varieties of Fermat type in the title of the present paper are
admissible factors of J (Fm) in the sence of Shioda [28], and in Section 5 we will recall
one of his fundamental theorems in a restricted form. Moreover some algebraicity results
on the Hodge cycles on CM abelian varieties of Fermat type will be discussed there. After
a number theoretic preliminary in Section 6, Section 7 to 10 will be devoted to the proofs
of the theorems stated in Section 2. The proofs are combinatorial in nature, and the map
τχ defined in Section 6 will play a quite significant rôle. In Appendix 1 we will exhibit
an explicit form of generators of the gap group Bm/Sm (see Section 4 for the definition)
when every prime factor of m is congruent to 3 modulo 4. In Appendix 2 we will give some
remarks on two special curves, including the Catalan curve Cp,q mentioned above, both
of which are quotients of Fermat curves of appropreate degree and have a special property
that their Jacobian varieties are simple CM abelian varieties.
Notation.
For each natural number m (usually greater than 2) we will use the following notation
some of which are not standard:
• Div(m) : the set of divisors of m.
• PDiv(m) : the set of prime divisors of m.
• ζm : a primitive m-th root of unity in C.
• μm : the group of m-th roots of unity in C.
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• C−(m) : the set of odd Dirichlet characters modulo m.
• PC−(m) : the set of primitive odd Dirichlet characters modulo m.
• ϕ(m) : the Euler function.
• μ(m) : the Möbius function.
Further, if x is a real number, then we will use the following notation:
• [x] : the largest integer less than or equal to x.
• 〈x〉 := x − [x].
1. The Hodge conjecture for abelian varieties
Before stating our results we make a brief review of the Hodge conjecture for abelian
varieties. For more details see [29] or [18]. Let A be an abelian variety of dimension g
defined over the complex number field C. For each integer d with 0 ≤ d ≤ g , let
Bd (A) = H 2d(A,Q) ∩ Hd,d(A)
be the space of Hodge cycles on A of codimension d . Let C d(A) be the subspace of Bd (A)
generated by the classes of algebraic cycles on A of codimension d , and let Dd(A) be the
subspace of classes of intersections of d divisors on A. Then
Bd (A) ⊇ C d (A) ⊇ Dd (A).
The Hodge conjecture for A asserts that the equality Bd (A) = C d(A) holds for all d .
This equality trivially holds for d = 0 and g . By the Lefschetz-Hodge theorem we have
B1(A) = D1(A), and the equality Bg−1(A) = Dg−1(A) also holds by the strong Lef-
schetz theorem. Let
B∗(A) =
g⊕
i=0
Bi (A)(1)
be the Hodge ring of A and C ∗(A) (resp. D∗(A)) the subring of B∗(A) generated by the
classes of algebraic cycles (resp. divisors) on A. Clearly we have
B∗(A) ⊇ C ∗(A) ⊇ D∗(A).(2)
We say that A is nondegenerate (resp. degenerate) if B∗(A) = D∗(A) (resp. B∗(A) =
D∗(A)). It is clear from (2) that the Hodge conjecture is true for a nondegenerate abelian
variety. Following Hazama ([10], [11] and [12]) we say that A is stably nondegenerate if
B∗(Ak) = D∗(Ak) for all k ≥ 1. (For related topics see also [19], [20], [22], [32] and
[35].)
Now, we restrict ourselves to the case of CM abelian varieties. We refer the reader to
[26], [25] or [23] for the fundamentals of CM abelian varieties. Let (A, θ) be a CM abelian
variety of type (K,Φ), in other words, A is an abelian variety, K is a CM-field of degree
2dimA and
θ : K → End(A) ⊗ Q
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is an injective ring homomorphism which induces a representation Φ of K on H 0(A,Ω1),
the space of holomorphic 1-forms on A. The representation Φ is called the CM-type of
(A, θ). When K is a Galois extension of Q, we can naturally identify Φ with a subset of
G := Gal(K/Q) such that
Φ ∪ ρΦ = G, Φ ∩ ρΦ = ∅ ,
where ρ denotes the complex conjugation. Define a subgroup H of G by
H = {g ∈ G | gΦ = Φ} .
Then A is simple if and only if H = {1}, and in general A is isogenuous to a power
B#(H) of a simple CM abelian variety B. As for nondegeneracy of CM abelian varieties the
following result is known:
LEMMA 1.1 Let A be a simple CM abelian variety of type (K,Φ). Assume that K is
an abelian extension of Q. Then A is stably nondegenerate if and only if it is nondegenerate.
Moreover, this is the case if and only if
χ(Φ) :=
∑
g∈Φ
χ(g ) = 0
for any character χ of G such that χ(ρ) = −1.
Proof. The first statement was proved by Lenstra (see [33, Theorem 3]). For a proof
of the second statement, see [17], [21] or [10]. 
We refer the reader to Gordon’s survey article in Lewis’ book [18, Appendix B] for
general results on the Hodge conjecture for CM abelian varieties. As for the Hodge conjec-
ture for the Jacobian variety J (Fm) or its factors, the known results may be summarized as
follows:
THEOREM 1.2. The Hodge conjecture for any power of J (Fm) is true in the follow-
ing cases:
(i) m = pe or 2pe, where p is a prime number and e is an arbitrary positive integer.
(ii) m = 2a3b5c7d , where a, b, c, d are non-negative integers such that either c = 0
or d = 0.
Moreover, if m = pμqν , where p, q are distinct prime numbers and μ, ν are arbitrary
positive integers, then the Hodge conjecture is true for any power of the Jacobian variety
J (Cpμ,qν ) of the generalized Catalan curve Cpμ,qν defined in the introduction.
The first statement is proved in [4], which generalizes the work of Shioda [28], and
the second one is proved in [5], which in turn may be viewed as a generalization of Hazama
[13].
2. Main results
Let m be a positive integer and ζm ∈ C a primitive m-th root of unity in C. In what fol-
lows we consider only the case where K is the m-the cyclotomic field Q(ζm). We identify
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the Galois group G = Gal(K/Q) with (Z/mZ)× in the usual manner. Let
A1,0m = {(a, b, c) ∈ Z3 | 0 < a, b, c < m, a + b + c = m} .(3)
Given a triple α = (a, b, c) ∈ A1,0m , we define a subset Φα of (Z/mZ)× by
Φα =
{
t ∈ (Z/mZ)×
∣∣∣∣
〈
ta
m
〉
+
〈
tb
m
〉
+
〈
tc
m
〉
= 1
}
,(4)
where for any x ∈ Z we denote by 〈 tx
m
〉
the unique rational number such that 0 ≤ 〈 tx
m
〉
<
1 and m
〈
tx
m
〉 ≡ tx (mod m). Then Φα is a CM-type of Q(ζm). Namely it enjoys the
following property:
Φα ∪ (−Φα) = (Z/mZ)×, Φα ∩ (−Φα) = ∅.(5)
Indeed, for any t ∈ (Z/mZ)× we have
〈
ta
m
〉
+
〈
tb
m
〉
+
〈
tc
m
〉
= 1 ⇐⇒
〈−ta
m
〉
+
〈−tb
m
〉
+
〈−tc
m
〉
= 2
since 〈 x
m
〉 + 〈−x
m
〉 = 1 for any x ∈ Z not divisible by m. This equivalence proves (5).
For each α = (a, b, c) ∈ A1,0m , let (Aα, θα) be a CM abelian variety of type (Q(ζmα),Φα),
where mα = m/GCD(a, b, c). Thus Aα is an abelian variety of dimension ϕ(mα)/2 and
θα : Q(ζmα) → End(Aα) ⊗ Q
is an injective homomorphism which induces a representation Φα on H 0(Aα,Ω1). As is
well known ([28], [23], [15] or [3]), Aα appears as a factor of the Jacobian variety of the
Fermat curve of degree m (see also the next section). From this point of view we call
Aα a CM abelian variety of Fermat type. Let C−(m) denote the set of odd characters of
(Z/mZ)×.
THEOREM 2.1 (cf. Theorem 6.2). Let m = pe be a power of an odd prime number
p. Let α = (a, b, c) be an element of A1,0m with GCD(a, b, c) = 1 and put
s = max{ordp(a), ordp(b), ordp(c)} .
If s = 0, then we assume that χ(a) + χ(b) + χ(c) = 0 for all χ ∈ C−(m). Then Aα is a
simple CM abelian variety and the following assertions hold:
(i) The Hodge conjecture is true for any power of Aα.
(ii) Aα is stably nondegenerate if and only if s ≤
[
e
2
]
. If s > [ e2
]
, then the Hodge
ring B∗(Aα) is generated by B1(Aα) and Bp
e−s
(Aα).
COROLLARY 2.2 (cf. Corollary 6.3). Let p be an odd prime number and A the
Jacobian variety of the curve
yp = xa(xpe−1 − 1) ,
where a is an integer such that 0 < a < p. Then A is a simple CM abelian variety of
dimension ϕ(pe)/2 and End(A) ⊗ Q ∼= Q(ζpe). Moreover, the following statements hold:
(i) The Hodge conjecture is true for any power of A.
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(ii) A is stably nondegenerate if and only if e ≤ 2. If e > 2, then the Hodge ring
B∗(A) is generated by B1(A) and Bp(A).
Calculations of Hodge cycles on Aα, as might be easily expected, become more in-
volved if the number of primes dividing m becomes larger. In order to make the situation
easier, we impose the following condition on α:
{
GCD(abc,m) = 1 , and
χ(α) := χ(a) + χ(b) + χ(c) = 0 (∀χ ∈ C−(m)) .(6)
Note that the first condition implies that m is odd. If (6) is satisfied, then Aα is always
simple (see Theorem 2.3 below). If m is a prime number and (6) holds, then Aα is non-
degenerate. This fact is well known and is a special case of Theorem 2.1. However, this
is not the case for general m. To be more precise, for each prime divisor p of m we let
ep = ep(m) := ordp(m) and define
Em =
{
p
∣∣∣∣
p is a prime divisor of m such that
pi ≡ −1 (mod m/pep ) for any i ∈ Z
}
.(7)
As a convention, we understand that Em = ∅ if m is a power of a prime number.
THEOREM 2.3 (cf. Theorem 7.1 and Theorem 7.2). Let α be an element of A1,0m
satisfying (6). Then Aα is simple. Moreover, Aα is stably nondegenerate if and only if
Em = ∅. If Em = ∅, then
dimBdp (Aα)/Ddp (Aα) ≥ ϕ(m/p
ep )
fp
for any p ∈ Em, where fp denotes the order of p in (Z/(m/pep )Z)× and dp = 12ϕ(pep )fp.
Let PDiv(m) denote the set of prime divisors of m. If m is odd and #PDiv(m) = 2,
then we can improve the above theorem as follows.
THEOREM 2.4 (cf. Theorem 8.2). Suppose m is a product of some powers of two
distinct odd primes p, q , and let α be an element of A1m satisfying (6). Then:
(i) If Em = {p, q}, then the Hodge conjecture is true for any power of Aα .
(ii) If #Em = 1, say Em = {p}, then the Hodge ring B∗(Aα) is generated by
B1(Aα) and Bdp (Aα).
To get more imformation on the Hodge cycles when #PDiv(m) > 2, we impose a
further condition on m. Let
L = {m ∈ N |p ≡ 3 (mod 4) for all p ∈ PDiv(m)} .(8)
THEOREM 2.5. Suppose m ∈ L and let r = #PDiv(m). Let α be an element of
A1,0m satisfying (6). Then:
(i) The Hodge conjecture is true for any power of Aα.
(ii) Aα is stably nondegenerate if and only if r = 1.
As a corollary to the above theorem we can prove the following
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COROLLARY 2.6. Suppose m ∈ L and let A be a simple factor of the Jacobian
variety of the hyperelliptic curve y2 = xm − 1 defined over C. Then A is a CM abelian
variety such that End(A)⊗Q ∼= Q(ζd) for some divisor d of m, and the following assertions
hold:
(i) The Hodge conjecture is true for any power of A.
(ii) A is stably nondegenerate if and only if d is a prime power.
3. Preliminaries
In this section we define some notation which will be needed in the later sections. For
more details, see [30], [27] and [1]. We begin with recalling some notation from [29]. For
each non-negative integer n, let
Anm =
{
(a0, a1, . . . , an+1) ∈ Zn+2
∣∣∣∣ 0 < ai < m,
n+1∑
i=0
ai ≡ 0 (mod m)
}
.
If α = (a0, . . . , an+1) ∈ Anm, then the number
|α| = a0 + · · · + an+1
m
is an integer such that 1 ≤ |α| ≤ n+1. We define an action of (Z/mZ)× on Anm by the rule
t · α = (〈ta0〉m, . . . , 〈tan+1〉m) (α ∈ Anm, t ∈ (Z/mZ)×) ,
where for any a ∈ Z and t ∈ (Z/mZ)×, 〈ta〉m denotes the unique integer such that 0 ≤
〈ta〉m < m and 〈ta〉m ≡ ta (mod m). It is then easy to see that |α| + |(−1) · α| = n + 2.
For each even integer n ≥ 0 we define a subset Bnm of Anm by
Bnm =
{
α ∈ Anm
∣∣∣∣ |t · α| =
n
2
+ 1 (∀t ∈ (Z/mZ)×)
}
.
The subsets Anm and Bnm naturally appear when we describe the cohomology groups or the
Hodge cycles of the Fermat varieties (see [27], [29] and [30]). To study the structure of the
set Bnm, it is convenient to consider Bnm for all n simultaneously. For this purpose, let
Rm =
∞⋃
r=1
(Z/mZ \ {0})r
be the disjoint union of (Z/mZ \ {0})r for all r . For α = (a1, . . . , ar), β = (b1, . . . , bs) ∈
Rm, let
α ∗ β = (a1, . . . , ar , b1, . . . , bs) ∈ Rm .
Then Rm becomes a monoid with respect to the operation ∗. For two elements α, β ∈ Rm,
we write α ∼ β if α is equal to β up to permutation of components. Moreover, we say that
α is equivalent to β if α ∼ t · β for some t ∈ (Z/mZ)×.
If n = 2r is even, we define a subset Dnm of Anm as follows:
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Dnm = {α ∈ Anm | α ∼ (a0,m − a0, . . . , ar ,m − ar) for some a0, . . . , ar} .
Since (a,m − a) ∈ B0m, one can easily see that Dnm ⊆ Bnm. Consider the following two
subsets of Rm:
Bm =
⋃
Bnm , Dm =
⋃
Dnm ,
where the unions are taken over all positive even integers n. Then both Bm and Dm are
submonoid of Rm and that Bm ⊇ Dm. (The monoid Bm is nothing but Mm studied in
[29].)
If m is divisible by a prime number p with p < m, then we define
σp,a =
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
(
a, a + m
p
, a + 2m
p
, . . . , a + (p − 1)m
p
,m − pa
)
if p ≥ 3 ,
(
a, a + m
2
,m − 2a, m
2
)
if p = 2 ,
(9)
where a is an integer such that ap ≡ 0 (mod m). Then the distribution relation
p−1∑
i=0
〈
a
m
+ i
p
〉
=
〈
ap
m
〉
shows that σp,a ∈ Bp−1m for p ≥ 3 and σ2,a ∈ B2m for p = 2. We call σp,a a standard
element. Let Sm be the set of elements α ∈ Rm for which there exist δ, δ′ ∈ Dm and
standard elements σ1, . . . , σk such that
α ∗ δ ∼ σ1 ∗ · · · ∗ σk ∗ δ′ .
It is clear from the definition that the following inclusions hold:
Bm ⊇ Sm ⊇ Dm .(10)
In order to describe the structure of the monoid Bm, we consider the free abelian
group Rm generated over Z/mZ \ {0}. We write an element of Rm in the form
∑
a∈ /m \{0}
ca(a) (ca ∈ Z) .
For simplicity we write (a1, . . . , as) for
∑s
i=1(ai). Let Div(m) denote the set of divisors
of m. For each d ∈ Div(m) \ {d} there is an injective homomorphism from Z/m/dZ to
Z/mZ which sends x to x ′ ∈ dZ/mZ such that x ′/d ≡ x (mod m/d). Extending linearly
this map, we obtain an injective homomorphism
(d) : Rm/d → Rm
of abelian groups. Then any element α ∈ Rm may be uniquely written as
α =
∑
d∈Div(m)
(d)αd
with some elements αd ∈ Rm/d . We call αd the d-part of α.
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Now, observe that there is a unique map u : Rm → Rm such that u((a)) = (a) for any
a ∈ Z/mZ \ {0} and
u(α ∗ β) = u(α) + u(β)
for any α, β ∈ Rm. Let Bm, Sm and Dm be the subgroups of Rm generated by u(Bm),
u(Sm) and u(Dm), respectively. Then it is clear that
Bm ⊇ Sm ⊇ Dm .
The quotient group Bm/Sm is called the gap group. Although we have determined the
structure of the gap group in [1], the result had been already known by Yamamoto [34]. To
state it (in our notation), we define a modified Möbius function μ′: For any positive integer
m, let
μ′(m) =
{
μ(m) if m is odd ,
μ(m/2) if m is even ,
where μ denotes the usual Möbius function.
THEOREM 3.1. For each divisor d of m such that μ′(d) = 1 there exists an element
ξd ∈ Bm/d such that the gap group Bm/Sm is generated by the classes of (m/d)ξd ∈ Bm
with μ′(d) = 1. Let r be the number of prime divisor of m, then
Bm/Sm ∼= (Z/2Z)⊕2r−1−δ−1 ,
where δ = 0 if ord2(m) = 1 and δ = 1 if ord2(m) = 1.
Proof. See [34, Theorem 4] and [1, Theorem D]. 
4. CM abelian varieties of Fermat type
In this section we recall some basic facts about the Jacobian varieties of the Fermat
curves and their factors. For more details see [28], [6], [15] or [23]. Recall that Fm denotes
the Fermat curve of degree m defined over C. The group Gm = μm ×μm acts on Fm in an
obvious way, and it induces automorphisms of the Jacobian variety J (Fm) of Fm. For each
α = (a, b, c) ∈ A1m we define a subspace U(α) of H 1(J (Fm),C) by
U(α) = {ξ ∈ H 1(J (Fm),C) | g ∗ξ = α(g )ξ (∀g ∈ Gm)} ,
where α(g ) = ζ aηb if g = (ζ : η) ∈ Gm. Then it is known that H 1(J (Fm),C) has the
eigenspace decomposition
H 1(J (Fm),C) =
⊕
α∈ 1m
U(α)
with respect to the action of Gm and that dimU(α) = 1 for all α ∈ A1m. Moreover, we have
H 0(J (Fm),Ω
1) =
⊕
α∈ 1,0m
U(α),(11)
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where A1,0m denotes the subset of A1m defined by (3). For each α = (a, b, c) ∈ A1,0m ,
consider the endomorphism
πα =
∑
g∈Gm
Tr
(ζm)/(α(g ))g
∗ ∈ End(J (Fm)) .
Let Aα = πα(J (Fm)) be the image of πα. Then Aα is an admissible factor of J (Fm) in
the sence of Shioda [28]. Note that Gm also acts on Aα. The eigenspce decomposition of
H 1(Aα,C) with respect to the action of Gm is given by
H 1(Aα,C) =
⊕
t∈( /mα )×
W(t · α) ,(12)
where mα = m/GCD(a, b, c) and W(t · α) is the one-dimensional subspace of H 1(Aα,C)
such that π∗αW(t · α) = U(t · α). Note that Aα is a CM abelian variety. Indeed, the
map θα : μmα → Aut(Aα) given by θα(α(g )) = g ∗ defines an injective homomorphism
θα : Q(ζmα) → End(Aα)⊗Q of Q-algebra and [Q(ζmα) : Q] = 2dimAα. Let us show that
the set Φα defined in (4) gives the CM-type of (Aα, θα). To this end we remark that
Φα = {t ∈ (Z/mZ)× | t · α ∈ A1,0m } .
Then by (11) and (12) we obtain the decomposition of H 0(Aα,Ω1):
H 0(Aα,Ω
1) =
⊕
t∈Φα
W(t · α) .
Since θ(α(g )) acts on W(t · α) as multiplication by α(g )t , this shows that Φα is the CM-
type of (Aα, θα).
To discuss the simpleness of Aα, define
Hα = {t ∈ (Z/mZ)× | t · Φα = Φa} .
Then Aα is simple if and only if Hα = {1}, and in general Aα is isogenuous to the #(Hα)-th
power of a simple CM abelian variety. The problem of determination of α for which Aα is
simple was first considered by Koblitz and Rohrlich [15] and completely solved in [2].
Now suppose GCD(a, b, c) = 1 and consider the curve
Cα : ym = xa(1 − x)b .
The curve Cα is a cyclic quotient of Fm by the subgroup
Ker(α) := {g ∈ Gm|α(g ) = 1}
of Gm. Indeed, the rational map from Fm to Cα defined by
(x, y) −→ (xm, xayb)
gives rise to a covering map Fm → Cα . Then it is known that Aα is the “new part" of the
Jacobian variety J (Cα) of Cα in the sence that
J (Cα) ∼
∏
d|m
(d)α∈ 1m
A(d)α,(13)
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where the product is over the divisors d of m such that da, db, dc ≡ 0 (mod m). This is a
special case of [28, Example 2.2] (see also [6]).
Let k be a positive integer. To give a description of the Hodge cycles on Akα, let
α(1), . . . , α(k) be k copies of α. We understand that α(i) = α(j) whenever i = j . Let s
be a positive integer. For each β = (b1, . . . , bs) ∈ Rm,prim and each i = (i1, . . . , is ) ∈
{1, . . . , k}s , we define a subspace
W(β,i)(α) = W((b1)α(i1)) ∧ · · · ∧ W((bs)α(is )) .
of Hs(Akα,C). We say that the pair (β, i) is regular if (bμ)α(iμ) = (bν)α(iν ) (or equivalently
if either iμ = iν or bμ = bν) for all μ = ν. Clearly dim

W(β,i)(α) = 1 or 0, and
dim

W(β,i)(α) = 1 if and only if (β, i) is regular. By (12) we have
Hs(Akα,C) =
⊕
(β,i)
W(β,i)(α) ,
where the pair (β, i) runs over the regular elements in R2s−2m,prim × {1, . . . , k}2s . If k = 1,
then the set {1}d consists of the unique element 1 = (1, . . . , 1). For simplicity we write
Wβ(α) for W(β,1)(α). We say that β is regular if (β, 1) is regular. Thus β = (b1, . . . , bs)
is regular if and only if bi = bj (i = j).
To give the next theorem we need further notation. We define Rm,prim to be the free
abelian subgroup of Rm generated by the elements of (Z/mZ)×, in other words, Rm,prim
is the group ring Z[(Z/mZ)×] considered as a subring of Rm. Moreover, letting X denote
B,S or D, we define
Xm,prim = Xm ∩ Rm,prim .
For any β = (b1, . . . , bs) ∈ Rm,prim we define the product βα by
βα = (b1)α ∗ · · · ∗ (bs)α ∈ A3s−2m .
Further, for any subset Y of Rm,prim containing Dm,prim we let
Y (α) = {β ∈ Rm,prim | βα ∈ Y } .
It is then clear from the definition and (10) that
Bm,prim(α) ⊇ Sm,prim(α) ⊇ Dm,prim(α) .
THEOREM 4.1. Let α = (a, b, c) be an element of A1,0m such that GCD(a, b, c) =
1. Then:
(i) The C-span of the Hodge cycles on Akα of codimension d is given by
Bd (Akα) ⊗ C =
⊕
(β,i)
W(β,i)(α) ,
where the pair (β, i) runs over the regular elements of B6d−2m,prim(α) × {1, . . . , k}2d .
(ii) If Aα is simple, then
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Dd (Akα) ⊗ C =
⊕
(β,i)
W(β,i)(α) ,
where the pair (β, i) runs over the regular elements of D6d−2m,prim(α) × {1, . . . , k}2d .
Proof. The first assertion immediately follows from Theorem [28, Theorem 3.1], and
the second assertion can be proved by a similar arguement as in the proof of [28, Theorem
5.2]. 
THEOREM 4.2. Let α be as in Theorem 4.1. Then:
(i) If Aα is simple, then it is stably nondegenerate if and only if Bm,prim(α) =
Dm,prim(α).
(ii) If Bm,prim(α) = Sm,prim(α), then the Hodge conjecture is true for any power
of Aα.
Proof. The first assertion is an immeditate consequence of Theorem 4.1. The second
assertion follows from the fact that W(β,i)(α) ⊆ C ∗(Akα) for any (β, i) ∈ S6d−2m (α) ×
{1, . . . , k}2d (see [5, Theorem 5.1]). 
COROLLARY 4.3. Suppose α satisfies (6). Then:
(i) If Aα is simple, then it is stably nondegenerate if and only if Bm,prim = Dm,prim.
(ii) If Bm,prim = Sm,prim, then the Hodge conjecture is true for any power of Aα.
Proof. This is a direct consequence of Theorem 4.2. 
5. Stickelberger elements and the map τχ
Let Γm := Gal(Q(ζm)/Q). For any t ∈ (Z/mZ)×, we denote by σt the element of
Γm such that σt (ζm) = ζ tm. For any a ∈ Z/mZ \ {0}, we define a Stickelberger element
θ(a) ∈ Q[Γm] by
θ(a) =
∑
t∈( /m )×
(〈
at
m
〉
− 1
2
)
σ−1t ,
where, for any x ∈ Q, 〈x〉 denotes the fractional part of x. One can naturally extend θ to a
map from Rm to Q[Γm] as follows: For α = (a1, . . . , as) ∈ Rm, let
θ(α) =
s∑
i=1
θ(ai) .
It is then easy to check that θ(α) ∈ Z[Γm] if and only if α ∈ Am. Moreover the subset Bm
of Am may be characterized in terms of θ as follows:
Bm = {α ∈ Am | θ(α) = 0} .(14)
Indeed, for α = (a0, . . . , an+1) ∈ Anm we have
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θ(α) =
n+1∑
i=0
∑
t∈( /m )×
(〈
ait
m
〉
− 1
2
)
σ−1t
=
∑
t∈( /m )×
n+1∑
i=0
(〈
ait
m
〉
− 1
2
)
σ−1t
=
∑
t∈( /m )×
(
|t · α| − n
2
− 1
)
σ−1t .
Thus θ(α) = 0 if and only if |t · α| = n2 + 1 for any t ∈ (Z/mZ)×. This proves (14).
To give another characterization of the set Bm, let C−(m) stand for the set of odd
Dirichlet characters of Z/mZ. For χ ∈ C−(m), we denote by cond(χ) the conductor of
χ , that is, cond(χ) is the smallest divisor f of m for which χ comes from C−(f ) via
the natural surjection Z/mZ → Z/fZ. Moreover, we denote by PC−(m) the set of odd
characters χ ∈ C−(m) with cond(χ) = m. Let cond(χ) = f , and let a ∈ Z/mZ \ {0}. As
usual we set χ(a) = 0 if GCD(a, f ) > 1. Let
τχ (a) = ϕ(m)
ϕ(f )
χ(a′)
∏
p
(1 − χ¯(p)) ,
where a′ = a/GCD(m/f, a) and the product is taken over Div( m/fGCD(m/f,a)
)
. More gener-
ally, for any α = (a1, . . . , as) ∈ (Z/mZ \ {0})s , let
τχ(α) =
s∑
i=1
τχ (ai) .
Note that if GCD(ai,m) = 1 for all i, then
τχ (α) = χ(α)
∏
p|m
(1 − χ¯(p)) ,
where χ(α) = χ(a1) + · · · + χ(as).
PROPOSITION 5.1. Notation being as above, we have
Bm = {α ∈ Am | τχ (α) = 0 (∀χ ∈ C−(m))} .
Proof. Let α = (a0, . . . , an) ∈ Anm. Then α ∈ Bnm if and only if θ(α) = 0 by (14).
But the latter condition holds if and only if χ(θ(α)) = 0 for any χ ∈ C−(m). For each
χ ∈ C−(m) with cond(χ) = f let
B1,χ = 1
f
f∑
t=1
tχ(t)
be the generalized Bernoulli number. Then we have
χ(θ(α)) = τχ (α)B1,χ¯ .(15)
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For a proof of this fact see [16, Chapter 1]. The assertion then follows from (15) and the
well-known fact that B1,χ = 0 for any χ ∈ C−(m) ([31, Corollary 4.4]). 
The following proposition is of particular significance in our paper.
PROPOSITION 5.2. Let α ∈ A1,0m and suppose Aα is simple. Then Aα is stably
nondegenerate if and only if τχ (α) = 0 for all χ ∈ C−(m).
Proof. First, we show that
χ(Φα) :=
∑
t∈Φα
χ(t) = −τχ¯ (α)B1,χ(16)
for any χ ∈ C−(m). To see this, notice that for any t ∈ (Z/mZ)×, we have |t · α| = 1 or 2
according as σt ∈ Φα or σt ∈ ρΦα . Hence
1
2
(1 − ρ)
∑
σ∈Φα
σ = 1
2
( ∑
σ∈Φα
σ −
∑
σ∈ρΦα
σ
)
= −
∑
t∈( /m )×
(
|t · α| − 3
2
)
σt .
Therefore χ(Φα) = −χ¯ (θ(α)) for any χ ∈ C−(m). The last expression is equal to
−τχ¯ (θ(α)) by (15). Thus (16) holds. By (16) and nonvanishing of B1,χ we conclude
that χ(Φα) = 0 if and only if τχ (α) = 0. The proposition now follows from Lemma 1.1.

6. The case of prime powers
If m > 3 is a prime number, then it is known that Aα is not simple if and only if
a3 ≡ b3 ≡ c3 (mod m) .(17)
and that if this is the case, then Aα is isogenuous to the product A′α ×A′α ×A′α of a simple
CM abelian variety A′α. Note that (17) implies that χ(α) = 0 for some χ ∈ C−(m).
Therefore, if (6) holds, then Aα is simple.
The elements α for which Aα is simple are completely determined in [3, Theorem 0.2]
(see also [15]). When m is a power of an odd prime number the result may be stated as
follows:
THEOREM 6.1. Let m = pe be a power of an odd prime number p and α =
(a, b, c) ∈ A1,0m . Then Aα is not simple if and only if m > 3 and
a3 ≡ b3 ≡ c3 (mod m) .
In this exceptional case, Aα is isogenuous to A′α × A′α × A′α for some simple CM abelian
variety A′α.
Proof. This is proved in [15]. 
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THEOREM 6.2. Let m = pe be a power of an odd prime number p with e ≥ 2. Let
α = (a, b, c) be an element of A1,0m with GCD(a, b, c) = 1 and put
s = max{ordp(a), ordp(b), ordp(c)} .
If s = 0, then we assume in addition that α satisfies (6). Then Aα is a simple CM abelian
variety and the following statements hold:
(i) The Hodge conjecture is true for any power of Aα.
(ii) Aα is stably nondegenerate if and only if s ≤
[
e
2
]
. If s > [ e2
]
, then the Hodge
ring B∗(Aα) is generated by B1(Aα) and Bp
e−s
(Aα). Moreover,
dimBpe−s (Aα)/Dp
e−s
(Aα) = p2s−e − 1 .
Proof. The first statement is a special case of Theorem 1.2, (i).
In order to prove (ii) it suffices to consider the case where α = (1, a, b) with ordp(a) =
0 and ordp(b) = s. Put b = psb′. If s = 0, then
τχ(α) = χ(α)
for all χ ∈ C−(m). Since Aα is simple by Theorem 7.1, Proposition 5.2 implies that Aα is
stably nondegenerate if and only if χ(α) = 0 for all χ ∈ C−(m). Thus the assertion holds
when s = 0. Suppose s > 0. Then for χ ∈ PC−(pe−i )
τχ (α) =
{
1 + χ(a) if i < s ,
1 + χ(a) + psχ(b′) if i ≥ s .(18)
We show that τχ(α) = 0 if and only if χ ∈ PC−(m/pi) with e − s ≤ i < s. If i < e − s,
then ps < m/pi and so χ(α) = −1 for any χ ∈ PC−(m/pi). Therefore τχ(α) = 0 for
any χ ∈ PC−(m/pi) with i < e − s. If i ≥ s, then by (18)
τχ (α) = 1 + χ(a) + psχ(b′) .
Since p > 2, this shows that τχ (α) = 0. Suppose i ≥ e − s. Then ps ≡ 0 (mod m/pi),
hence a ≡ −1 (mod m/pi). Therefore 1 + χ(a) = 0 and by (18) we have
τχ (α) =
{
0 if i < s ,
psχ(b′) if i ≥ s .
The argument above shows that τχ (α) = 0 if and only if e − s ≤ i < s. In particular, if
s ≤ [e/2], then τχ (α) = 0 for all χ ∈ C−(m). Therefore Aα is stably nondegenerate.
Now, suppose s > [e/2] and let β ∈ Rm,prim be such that βα ∈ Bm. Then τχ(βα) = 0
for any χ ∈ C−(m), hence for any integer i such that either i < e − s or i ≥ s we have
χ(β) = 0 (∀χ ∈ PC−(m/pi))(19)
since τχ (α) = 0 for such χ . For any j = 0, 1, . . . , e, let
j = {t ∈ (Z/mZ)× | t ≡ 1 (mod pj )} .
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Then j is a subgroup of (Z/mZ)× of order pe−j . We let
ν(j ) =
∑
t∈j
(t) ∈ Rm,prim .
Let {t1, t2, . . . , tp2s−e } ⊆ s be a set of complete representatives of the quotient s/e−s .
We may set t1 = 1. Then β may be written as
β = ν(s)
p2s−e∑
k=2
(1,−tk)βk + δ(20)
for some βk ∈ Rm,prim and δ ∈ Dm,prim. Indeed condition (19) for i < e − s implies
that β is in the ideal of Rm,prim generated by ν(s) and Dm,prim. On the other hand
condition (19) for i ≥ s implies that β is in the ideal of Rm,prim generated by (1,−tk) (k =
2, . . . , p2s−e) and Dm,prim. Since the intersection of the two ideal is the ideal generated
by Dm,prim and p2s−e − 1 elements
ν(s)(1,−tk) (k = 2, . . . , p2s−e) ,(21)
β must be of the form in (20).
Conversely, it is easy to see that any element β ∈ Rm,prim of the form (20) satisfies
βα ∈ Bm. The above arguement shows that Bm,prim(α)/Dm,prim is generated by the ele-
ments defined by (21). Since #s = pe−s , this implies that B∗(Aα)/D∗(Aα) is generated
by Bpe−s and that
dimBpe−s (Aα)/Dp
e−s
(Aα) = p2s−e − 1 .
This completes the proof. 
We apply the above theorem to the case of α = (1, a′pe−1, pe − 1 − a′pe−1) ∈ A0,1pe ,
where p is an odd prime and a′ is an integer such that 0 < a′ < p. Then Cα is birational to
the curve
Bpe,a : yp = xa(xpe−1 − 1) ,
where a is the integer uniquely determined by the following condition:
0 < a < p , aa′ ≡ 1 (mod p)
(see Appendix 2).
COROLLARY 6.3. Let p be an odd prime number and A the Jacobian variety of the
curve Bpe,a . Then A is a simple CM abelian variety of dimension ϕ(pe)/2 and End(A) ⊗
Q ∼= Q(ζpe). Moreover,
(i) The Hodge conjecture is true for any power of A.
(ii) A is stably nondegenerate if and only if e ≤ 2. If e > 2, then the Hodge ring
B∗(A) is generated by B1(A) and Bp(A), and
dimBp(A)/Dp(A) = pe−2 − 1 .
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Proof. This is a direct consequence of Theorem 6.2 applied to the case s = e − 1. 
REMARK 6.4. In case p = 2, by a similar argument as above one can also prove that
the Jacobian variety J (B2e,1), which is not simple if e > 2, is always stably nondegenerate.
REMARK 6.5. Applying Theorem 6.2, one can obtain the following result: If m =
pμ is a power of an odd prime number p, then every simple factor of the Jacobian variety
J (Cm) of the hyperelliptic curve Cm is stably nondegenerate. However, this is already
proved in [5]. Indeed, Cm is nothing but the generalized Catalan curve Cpμ,2 and its stably
nondegeneracy has been proved in [5, Theorem 1.2].
7. Proof of Theorem 2.3
In this section we prove Theorem 7.1 and Theorem 7.2 below.
THEOREM 7.1. Let α be an element of A1,0m satisfying (6). Then Aα is simple.
Proof. Although this is a special case of [3, Theorem 0.1], we give a direct proof.
By [26, Chapter II, Proposition 26], Aα is simple if and only if the subgroup
{t ∈ (Z/mZ)× | tΦα = Φα}
of (Z/mZ)× is trivial. Take t ∈ (Z/mZ)× such that tΦα = Φα . Then
(χ(t) − 1)χ(Φa) = 0
for all χ ∈ C−(m). It follows from this and (16) that
(χ(t) − 1)τχ(α) = 0(22)
for all χ ∈ C−(m). If χ ∈ PC−(m), then τχ (α) = χ(α), and this is not zero by the
assumption. Hence χ(t) = 1 for all χ ∈ PC−(m). If ord3(m) = 1 or m = 3, then
t = 1 by [1, Proposition 2.3]. If ord3(m) = 1 and m = 15, then the same proposition
says that either t = 1 or t ≡ −1 (mod m/3). (In case m = 15, the assertion may be
checked by a direct computation, and so we omit it.) In the latter case, considering (22) for
χ ∈ C−(m/3), we have
(χ(t) − 1)(1 − χ¯(3))χ(α) = 0 .
Since χ(α) = 0 and χ(t) = −1, this implies that χ(3) = 1 for all χ ∈ C−(m/3).
Therefore 3 ≡ 1 (mod m/3), which is impossible since m/3 > 2. Thus t = 1, which
proves that Aα is simple. 
THEOREM 7.2. Let α be an element of A1,0m satisfying (6). Then Aα is stably non-
degenerate if and only if Em = ∅. Moreover, if Em = ∅, then
dimBdp (Aα)/Ddp (Aα) ≥ ϕ(m/p
ep )
fp
for any p ∈ Em, where fp denotes the order of p in (Z/(m/pep )Z)× and dp = 12ϕ(pep )fp.
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Proof. By Proposition 5.2 Aα is stably nondegenerate if and only if τχ(α) = 0 for
all χ ∈ C−(m). Since we are assuming that GCD(abc,m) = 1, we have
τχ (α) = χ(α)
∏
p|m
(1 − χ¯(p)) ,
where the product is over the prime factors p of m. By the second condition of (6) the right
hand side does not vanish if and only if
χ(p) = 1 for all p|m .(23)
First, suppose m is a power of a prime number p. Then the condition (23) reduces to the
single condition that χ(p) = 1, which clearly holds since χ(p) = 0. Hence Aα is stably
nondegenerate if m is a prime power. Next, suppose m is not a prime power. In order to
prove the first assertion, it suffices to show that for p ∈ PDiv(m) the following equivalence
holds:
χ(p) = 1 for all χ ∈ C−(m) ⇐⇒ p ∈ Em(24)
To prove this equivalence, let fp be the order of p in (Z/(m/pep )Z)×, and put
νp = (1, p, p2, . . . , pfp−1) ∈ Rm/pep .
The first condition is then equivalent to the condition that χ(νp) = 0 for all χ ∈ C−(m),
and the latter condition is equivalent to νp ∈ Dm/pep . But this holds if and only if pi ≡ −1
(mod m/pep ) for some integer i. Thus the equivalence (24) holds. This proves that Aα is
stably nondegenerate if and only if Em = ∅.
In order to show the second assertion, assume that Em = ∅ and take a prime number
p ∈ Em. Let
Hp = {t ∈ (Z/mZ)× | t ≡ pi (mod m/pep ) for some i} .
Then Hp is a subgroup of (Z/mZ)× of order 2dp = ϕ(pep )fp . By assumption Hp does
not contain −1. Let Hp = {t1, t2, . . . , t2dp } and put
ηp = (t1, t2, . . . , t2dp ) ∈ A2dp−2m,prim .
Then ηp is an element of A
2dp−2
m,prim since Hp is a subgroup of (Z/mZ)×. Moreover, since
Hp does not contain −1, ηp does not belong to D2dp−2m . Therefore, in order to complete
the proof, it suffices to show that ηp is an element of B
2dp−2
m . To this end we have to show
that τχ(ηp) = 0 for all χ ∈ C−(m). Notice that
τχ(ηp) = χ(ηp)
∏
q|m
(1 − χ¯ (q)) ,
where the product is over q ∈ PDiv(m). If cond(χ) is divisible by p, then χ = 1 on Hp.
Hence χ(ηp) = 0, and so τχ (ηp) = 0 for such χ . If cond(χ) is not divisible by p, that is,
if χ ∈ C−(m/pep ), then
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χ(ηp) = ϕ(pep )
fp−1∑
i=0
χ(pi) .
Therefore, noticing that (1 − χ¯(p))∑fp−1i=0 χ(pi) = 0, we have
τχ(ηp) = ϕ(pep )(1 − χ¯(p))
fp−1∑
i=0
χ(pi)
∏
q|m
q =p
(1 − χ¯ (q)) = 0 .
This proves that ηp ∈ B2dp−2m,prim \D
2dp−2
m,prim. In order to compute the dimension of Bdp (Aα)/
Ddp (Aα), let {u1, . . . , un} ⊂ (Z/mZ)× (n = ϕ(m/pep)/fp) be a set of complete represen-
tatives of (Z/mZ)×/Hp. Then (ui)ηp (i = 1, . . . , n) are distinct elements of B2dp−2m,prim \
D
2dp−2
m,prim. Thus
Bdp (Aα) ⊗ C ⊇
n⊕
i=1
W(ui)ηp (α),
so dimBdp (Aα)/Ddp (Aα) ≥ n. This completes the proof. 
8. The case of #PDiv(m) = 2
In this section we consider the case where m is divisible by exactly two odd prime
numbers p, q . Let α ∈ A1,0m satisfy (6). We have seen that the abelian variety Aα is stably
nondegenerate if and only if Em = ∅. Let s = (p − 1)/fq and t = (q − 1)/fp. Let g (resp.
h) be a generator of (Z/pZ)× (resp. (Z/qZ)×) such that
q−1 ≡ g s (mod p) , p−1 ≡ ht (mod q) .
Put γp = (1, g , . . . , g (p−3)/2) ∈ Rp,prim and γq = (1, h, . . . , h(q−3)/2) ∈ Rq,prim.
LEMMA 8.1. Suppose m = pq . Then the gap group Bm/Sm is generated by the
class of
ξm = γpγq + (−q)(1, g , . . . , g s−1) + (−p)(1, h, . . . , ht−1) .
Proof. We have to show that τχ(ξm) = 0 for all χ ∈ C−(m). If χ ∈ PC−(m), then
χ(γpγq) = 0 and so τχ (ξm) = 0. If χ ∈ PC−(p), then
τχ (ξm) = ϕ(q)2 (1 − χ¯(q))χ(γp) − ϕ(q)(1 + χ(g ) + · · · + χ(g )
s−1)
= ϕ(q)
2
{(1 − χ¯(g )s)χ(γp) − 2(1 + χ(g ) + · · · + χ(g )s−1)}
= ϕ(q)
2
(1 + χ(g ) + · · · + χ(g )s−1) {(1 − χ(g ))χ(γp) − 2
}
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The last expression vanishes since
(1 − χ(g ))χ(γp) − 2 = 1 − χ(g )(p−1)/2 − 2 = 1 − (−1) − 2 = 0 .
Therefore τχ (ξm) = 0 for any χ ∈ PC−(p). Quite similarly we have τχ (ξm) = 0 for any
χ ∈ PC−(q). This proves that ξm ∈ Bm,prim. Since ξm ∈ Sm,prim, this completes the
proof. 
THEOREM 8.2. Suppose PDiv(m) = {p, q} and let α be an element of A1m satisfy-
ing (6).
(i) If Em = {p, q}, then the Hodge conjecture is true for any power of Aα .
(ii) If #Em = 1, say Em = {p}, then the Hodge ring B∗(Aα) is generated by B1(Aα)
and Bdp (Aα).
To prove this theorem we need two lemmas below.
LEMMA 8.3. Let m be as in Theorem 8.2. Then Bm,prim = Sm,prim if and only if
Em = {p, q}.
Proof. It suffices to show the assertion for m = pq . Suppose first Bm,prim =
Sm,prim. This means that there exist x ∈ Rq,prim, y ∈ Rp,prim such that
σp,x + σq,y + ξm ∈ Bm,prim + Dm .(25)
Looking at the q-part of this element, we obtain
(1,−q−1)y + (1, g , . . . , g s−1) ≡ 0 (mod Dp) .(26)
First we show that (26) implies that fq is odd. (Note that fq is odd if and only if q ∈ Em.)
In fact, if fq is even, then qfq/2 ≡ −1 (mod p) and so
2y ≡ {(1,−q−1) + (q−1)(1,−q−1) + · · · + (q−fq/2+1)(1,−q−1)}y
≡ (1, g , . . . , g s−1)(1, q−1, . . . , q−fq/2+1) (mod Dp) .
But this is impossible. Thus fq must be odd, hence q ∈ Em
Next, we show that there exists y ∈ Rm,prim which satisfies (26) whenever q ∈ Em. If
q ∈ Em, then s is even. Let a = g s/2. Then a solution of (26) is given by
y =
{
(−a)(1, a2, a4, . . . , afq−3)(1, g , g 2, . . . , g s/2−1) if fq > 1 ,
0 if fq = 1 .
Indeed, if we put γ = (1, g , g 2, . . . , g s/2−1), then since (1, g , . . . , g s−1) = (1, a)γ and
q−1 ≡ a2 (mod p), we have
(1,−q−1)y + (1, g , . . . , g s−1) ≡ (1,−a2)y + (1, g , . . . , g s−1)
≡ (−a)(1,−afq−1)γ + (1, a)γ
≡ (−1)(1, a)γ + (1, a)γ
≡ 0 (mod Dp) .
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Thus y satisfies (26).
Similarly, looking at the p-part of (25), we obtain
(1,−p−1)x + (1, h, . . . , ht−1) ∈ Dq .(27)
By a pararell arguement as above we see that this is satisfied for some x ∈ Rq,prim if and
only if p ∈ Em. This shows that Bm,prim = Sm,prim if and only if Em = {p, q}. 
LEMMA 8.4. Let m be as in Lemma 8.3. Then Sm,prim is generated by ηp, ηq and
Dm,prim.
Proof. We show the assertion in the case of m = pq . The general case can be
reduced to this case by the double induction on (ordp(m), ordq(m)). Let x ∈ Rq,prim, y ∈
Rp,prim be such that
σp,x + σq,y ∈ Sm,prim .(28)
Looking at the p-part of this element, we obtain
(1,−p−1)x ∈ Dq .(29)
for some x0 ∈ Rq,prim. Therefore
x ≡ (1, p, . . . , pfp−1)x0 (mod Dq)
Then σp,x = ηpx0. Quite similarly σq,y = ηqy0 for some y0 ∈ Rp,prim. This shows that
Sm,prim/Dm,prim is generated by ηp and ηq . The assertion then follows from the fact that
ηp ∈ Dm,prim if and only if p ∈ Em. 
Proof of Theorem 7.2. Lemma 8.3 shows that Bm,prim = Sm,prim if and only if
Em = {p, q}. In this case, the Hodge conjecture is true for any power of Aα by Corollary
5.3. The second assertion immediately follows from Lemma 8.4. This completes the proof.

EXAMPLE 8.5. For m = 15, 21, 33, the set Em is given as follows:
E15 = ∅ , E21 = {7} , E33 = {3} .
Indeed, this is a consequence of the following:
{
32 ≡ −1 (mod 5) ,
5 ≡ −1 (mod 3) ,
{
33 ≡ −1 (mod 7) ,
7 ≡ 1 (mod 3) ,
{
35 ≡ 1 (mod 11) ,
11 ≡ −1 (mod 3) .
Therefore the Hodge conjecture is true for Aα for any α satisfying (6) in these cases. How-
ever, this is a new result for m = 33 (see Theorem 1.2).
EXAMPLE 8.6. For m = 35, we have B35,prim = D35,prim, since E35 = ∅. Indeed,
72 ≡ −1 (mod 5), 53 ≡ −1 (mod 7).
Therefore, Aα is stably nondegenerate for any α ∈ A1,0m satisfying (6). In particular, every
simple factor of the Jacobian variety J (C35) of the hyperelliptivc curve C35 : y2 = x35 − 1
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is stably nondegenerate. However, we are not yet able to prove the Hodge conjecture for
J (C35) itself.
EXAMPLE 8.7. The smallest value of odd integers m = pq for which Em = {p, q}
is 55 = 5 · 11. Indeed we have
11 ≡ 1 (mod 5) , 55 ≡ 1 (mod 11) .
In this case, we have f5 = 5 and f11 = 1. Therefore we can take y = 0 in (25). To calculate
x ∈ R11,prim, set g = 2 and h = 2 (see the proof of Lemma 8.3). Then
x = (−2)(1, 2, 22) = (−2,−4,−8) = (3, 7, 9).
Hence B55,prim/S55,prim is generated by the class of the element
σx + ξ55 ≡ (1, 6, 16, 21, 26, 31, 36, 41, 46, 51)(3, 7, 9)
+ (1, 16, 162, 163, 164)(1, 12)
≡ (4, 9, 14, 27, 34, 37, 47, 49) (mod D55) .
Thus B4(Aα) = S4(Aα). Unfortunately we are not yet able to establish the algebraicity
of B4(Aα).
REMARK 8.8. Theorem 8.2 can be generalized to the cases where PDiv(m) =
{p1, p2, p3} as follows: If #Epiqj ≤ 1 for all i, j , then the Hodge conjecture is true for
any power of Aα. The proof, which we omit, is quite similar.
9. Generators of the gap group when m ∈ L
In this section we give an explicit form of the generators of the gap group Bm/Sm
when m ∈ L. First, let
L0 = {m ∈ L | μ(m) = ±1} ,
where μ denotes the Möbius function. In other words, L0 is the subset of L consisting of
square-free integers in L. For any m ∈ L0, let
(Z/mZ)×0 =
{
t ∈ (Z/mZ)×
∣∣∣∣
(
t
p
)
= 1 for all p ∈ PDiv(m)
}
.
Then (Z/mZ)×0 is a subgroup of (Z/mZ)× of order ϕ(m)/2r (r = #PDiv(m)). Let
γm =
∑
t∈( /m )×0
(t) ∈ Rm .
We will define a generator of Bm/Sm whose primitive part is given by γm. To construct the
generator we define integers cd ’s (d ∈ Div(m)) as follows: First we set c1 = 1. Next, for
each d ∈ Div(m) let
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d ′ =
⎧
⎪⎪⎨
⎪⎪⎩
d if d = 1 or m ,∏
p|d(
p
m/d
)
=1
p otherwise ,(30)
where in the second case the product is over p ∈ PDiv(d) such that
(
p
m/d
)
= 1. Clearly
d ′ is a divisor of d . We define the integers cd ’s recursively so that the following equations
hold: ∑
d ′|e|d
μ(d/e)ce = 0 (∀d ∈ Div(m) \ {1}) ,(31)
where the sum is over e ∈ Div(d) such that d ′|e. Let
ξm =
∑
d |m
cd(μ(d)d)γm/d ∈ Rm .
PROPOSITION 9.1. For any m ∈ L0 with μ(m) = 1 the element ξm belongs to Bm.
Proof. We must verify that τχ(ξm) = 0 for all χ ∈ C−(m). First suppose χ ∈
PC−(m). Then τχ(ξm) = χ(γm). It follows from the fefinition of γm that χ(γm) = 0 if
and only if χ equals the Jacobi symbol
( ·
m
)
. But since μ(m) = 1 it follows that m ≡ 1
(mod 4), hence
( ·
m
)
is even. Therefore χ(γm) = 0 for all χ ∈ PC−(m).
Next, take any d ∈ Div(m) with 1 < d < m. Then for any χ ∈ PC−(m/d) we have
τχ (ξm) =
∑
e|d
μ(e)ceτχ((e)γm/e)
=
∑
e|d
μ(e)ceϕ(e)χ(γm/d)
∏
p|d/e
ϕ(p)
2
(1 − χ¯(p))
= μ(d)ϕ(d)χ(γm/d)
∑
e|d
μ(d/e)ceϕ(e)
∏
p|d/e
1 − χ¯(p)
2
.
If χ =
( ·
m/d
)
, then χ(γm/d) = 0 and consequently we have τχ (ξm) = 0. If χ =
( ·
m/d
)
,
then 1 − χ¯(p) = 0 if and only if
(
p
m/d
)
= −1 or equivalently p  |d ′. Therefore
∏
p|d/e
1 − χ¯(p)
2
=
{
1 if (d/e, d ′) = 1 ,
0 otherwise .
Note that (d/e, d ′) = 1 if and only if d ′|e. Thus
∑
e|d
μ(d/e)ceϕ(e)
∏
p|d/e
1 − χ¯(p)
2
=
∑
d ′|e|d
μ(d/e)ce .
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The right hand side is zero by (31). This shows that τχ (ξm) = 0 for all χ ∈ C−(m).
Therefore ξm ∈ Bm. 
To state the next theorem, for each d ∈ Div(m) we define a Z-valued function ld on
Rm as follows: For α = ∑a ca(a) ∈ Rm, put
ld (α) =
∑
GCD(a,m)=d
|ca| ∈ Z .
Note that ld (mod 2) gives rise to a homomorphism from Rm to Z/2Z. Let
Div′(m) = {d ∈ Div(m) \ {m} | μ(m/d) = 1} .
Then #Div′(m) = 2r−1 − 1 (r = #PDiv(m)). We define a homomorphism
λm : Rm →
⊕
d∈Div′(m)
Z/2Z , λm(α) = (ld(α) (mod 2))d∈Div′(m) .
The following theorem gives an explicit description of the isomorphism stated in The-
orem 3.1.
THEOREM 9.2. Suppose m ∈ L. Then
Sm = Ker(λm) ∩ Bm .
In particular, λm induces an isomorphism Bm/Sm ∼= (Z/2Z)2r−1−1.
Proof. We first show that if d is a divisor of m such that μ(m/d) = 0, then ld (σ ) ≡ 0
(mod 2) for all σ ∈ Sm. If σ ∈ Dm, then this is clear. Suppose σ = σp,a is a standard
element. If m/GCD(a,m) ≡ 0 (mod p), then σp,a ∈ Dm. Hence we may assume that
m/GCD(a,m) ≡ 0 mod p. Then ld(σp,a) > 0 if and only if either GCD(m, a) = d or p|d
and GCD(m, a) = d
p
. If GCD(m, a) = d , then
ld(σp,a) =
{
p if ordp(m/p) > 1 ,
ϕ(p) if ordp(m/p) = 1 .
If p|d and GCD(m, a) = d
p
, then
ld (σp,a) =
{
1 if ordp(m/p) > 1 ,
2 if ordp(m/p) = 1 .
Therefore, if μ(m/d) = ±1, then ld(σp,a) ≡ 0 (mod 2). Since Sm is generated by standard
elements and Dm, it follows that ld(σ ) ≡ 0 (mod 2) for all σ ∈ Sm.
To prove the converse, let α ∈ Bm \ Sm. We have to show that ld (α) ≡ 1 (mod 2) for
some d ∈ Div(m) with μ(m/d) = 1. The assumption on α implies that there exist some
d1, . . . , ds ∈ Div(m) such that μ(m/di) = 1 and
α ≡ (d1)ξm/d1 + · · · + (ds)ξm/ds (mod Sm) .
Let d = min{d1, . . . , ds}. Then
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ld (α) = ld ((d)ξm/d) =
∏
p|d
ϕ(p)
2
,
and this product is odd since p ≡ 3 (mod 4) for every p ∈ P(d). Therefore ld (α) ≡ 1
mod 2, which was what we wanted to prove. 
We are now in a position to prove Theorem 2.5 and Corollary 2.6.
Proof of Theorem 2.5. First we prove (i). In view of Corollary 4.3 we have only to
show that Bm,prim = Sm,prim. To show this equality it is sufficient to prove the equality
Bm,prim = Sm,prim. Suppose on the contrary that Bm,prim = Sm,prim and take an element
β ∈ Bm,prim \ Sm,prim. Then l1(β) is even. Moreover, there exists a divisor d ∈ Div′(m)
such that
β ≡ (d)ξm/d (mod Sm +
∑
d ′∈Div(m)\d
(d ′)Bm/d ′) .
Since
ld(Sm +
∑
d ′∈Div(m)\d
(d ′)Bm/d ′) ≡ 0 (mod 2) ,
it follows that ld(β) ≡ ld((d)ξm/d) (mod 2). The assumption that m ∈ L implies that
ld((d)ξm/d) ≡ 1 (mod 2), hence ld (β) ≡ 1 (mod 2). But ld(β) = 0 for any d ∈
Div(m) \ {1} and l1(β) ≡ 0 (mod 2), hence we get a contradiction. Therefore the equality
Bm,prim = Sm,prim must hold. This proves (i).
Next we prove (ii). If r = 1, then Aα is stably nondegenerate by Theorem 2.1 (ii). We
prove that Aα is degenerate whenever r > 1. Let p, q be any distinct prime factors of m.
Since m ∈ L, p ≡ q ≡ 3 (mod 4), hence
(
q
p
) (
p
q
)
= −1 by the quadratic reciprocity law.
Therefore, exchanging p and q if necessary, we may assume that
(
p
q
)
= 1, or equivalently
p(q−1)/2 ≡ 1 (mod q). Since (q − 1)/2 is odd, this implies that the order of p in (Z/qZ)×
is odd. Thus pi ≡ −1 (mod q) and hence pi ≡ −1 (mod m/pep ) for any integer i.
Hence p ∈ Em. Theorem 2.3 then implies that Aα is degenerate. This completes the proof.

Proof of Corollary 2.6. Let α = (1, 1,m − 2). Then χ(α) = 2 − χ(2) = 0 for any
χ ∈ C−(m), and so condition (6) is satisfied. Thus the assertions of Theorem 2.5 holds for
Aα. Now, the curve Cα : ym = x(1−x) is birational to the hyperelliptic curve Cm. Indeed,
the rational map from C(1,1,m−2) to Cm sending (x, y) to (41/my, i(2x − 1)) is birational.
Moreover, we have an isogeny
J (Cm) ∼
∏
d|m
d>2
A(1,1,d−2).
The corollary then immediately follows from Theorem 2.5. 
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10. Appendix 1: An explicit form of ξm when #PDiv(m) = 2 and 4
In this section we write down ξm explicitly for m ∈ L0 with r := #PDiv(m) = 2 or 4.
10.1. The case of r = 2. Let m = pq ∈ L0. Without loss of generality we may
assume that
(
q
p
)
= 1. In this case the values of d ′ and cd for each d ∈ Div(m) are given
by the table below:
d 1 p q pq
d ′ 1 1 q pq
cd 1 1 0 0
Then by (31) we have the following equations:
⎧
⎨
⎩
cp − c1 = 0 ,
cq = 0 ,
cpq = 0 .
It follows that cp = 1 and cq = cpq = 0 . Therefore we obtain
ξpq = γpq + (−p)γq .
We should remark that this definition is not identical with that given in Lemma 8.1. How-
ever, of course, they give the same element in the gap group Bm/Sm.
10.2. The case of r = 4. Next, suppose m = pqrs ∈ L0. In this case there
are four essentailly distinct cases. The four tables below illustrate the distributions of the
values of the Legendre symbols
( y
x
)
for all x, y ∈ {p, q, r, s}. For example table (A) shows
that
(
q
p
)
=
(
r
p
)
=
(
s
p
)
= 1,
(
p
q
)
= −1,
(
r
q
)
=
(
s
q
)
= 1, etc. The table (B*)
is obtained from (B) with all the signs reversed. The tables (A) and (C) are “self-dual",
namely, reversing all the signs of (A) or (C) yields the same table with p, q, r, s renamed
suitably.
(A)
p q r s
p + + +
q − + +
r − − +
s − − −
(B)
p q r s
p − − −
q + − +
r + + −
s + − +
(B*)
p q r s
p + + +
q − + −
r − − +
s − + −
(C)
p q r s
p − + +
q − − +
r − + −
s − − +
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Type(A): In this case one obtain the values of d ′ and cd as follows:
d 1 p q r s pq pr ps qr qs rs qrs qrs pqs pqr pqrs
d ′ 1 1 q 1 s pq p ps 1 s rs qrs rs s 1 pqrs
cd 1 1 0 1 0 0 1 0 0 0 0 0 0 0 0 0
The values of cd in the table above are obtained by solving (31). In this case (31) may be
read as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
cp − c1 = 0
cq = 0
cr − c1 = 0
cs = 0
cpq = 0
cpr − cp = 0
cqr − cq − cr + c1 = 0
cqs − cs = 0
crs = 0
cqrs = 0
cprs − crs = 0
cpqs − cps − cqs + cs = 0
cpqr − cpq − cqr − cpr + cp + cq + cr + cs − c1 = 0
(32)
Solving equations (32), we obtain the values of cd , and we have
ξm = γpqrs + (−p)γqrs + (−r)γpqs + (pr)γqs .
Type(B): In this case the values of d ′ and Cd are given as follows:
d 1 p q r s pq pr ps qr qs rs qrs qrs pqs pqr pqrs
d ′ 1 p q r s p p p q s r 1 ps pq pr pqrs
cd 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
Therefore we have
ξpqrs = γpqrs + (−qrs)γp .
Type(B∗): In this case the values of d ′ and Cd are given as follows:
d 1 p q r s pq pr ps qr qs rs qrs qrs pqs pqr pqrs
d ′ 1 1 1 1 1 p p p q s r qrs r s q pqrs
cd 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0
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Therefore we have
ξpqrs = γpqrs + (−p)γqrs + (−q)γprs + (−r)γpqs + (−s)γpqr
+ (pq)γrs + (pr)γqs + (ps)γqr + (qs)γpr + (rs)γpq
+ (−prs)γq + (−pqs)γr + (−pqr)γs .
Type(C) : In this case the values of d ′ and Cd are given as follows:
d 1 p q r s pq pr ps qr qs rs qrs qrs pqs pqr pqrs
d ′ 1 p q 1 1 p 1 1 qr 1 s rs ps q r pqrs
cd 1 0 0 1 1 0 0 0 0 0 1 1 0 0 1 0
Therefore we have
ξpqrs = γpqrs + (−r)γpqs + (−s)γpqr + (rs)γpq + (−qrs)γp + (−pqr)γs .
11. Appendix 2: Two special curves
Let us consider the following two curves:
Bpe,a : yp = xa(xpe−1 − 1) ,(33)
Cp,q : yq = xp − 1 ,(34)
where p, q are distinct prime numbers and a is an integer such that 0 < a < p. These two
curves are cyclic quotient of the Fermat curve Fpe or Fpq respectively. First let us consider
Bpe,a . A rational map from Fpe to Bpe,a is given by
(x, y) −→ (xp, εxaype−1) (εp = −1) .
Let a′ be the integer such that
0 < a′ < p, aa′ ≡ 1 (mod p)
and put
α = (a′pe−1, 1, pe − 1 − a′pe−1) ∈ A1,0pe .(35)
Thus Cα is defiened by the equation
yp
e = xa′pe−1(1 − x) .
Then Bpe,a is birational to Cα . To see this, let k be the integer such that aa′ = 1 + pk.
Then the rational map
(x, y) ∈ Cα −→ (x−a′yp, x−kya) ∈ Bpe,a
is birational since
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det
(−a′ p
−k a
)
= −a′a + pk = −1 .
Next let us consider Cp,q . A rational map from Fpq to Cp,q is given by
(x, y) −→ (xq, εyp) (εq = −1) .
Let a, b be the integers uniquely determined by the condition:
1 + ap + bq = pq , 0 < a < q , 0 < b < p
and put
α = (ap, 1, bq) ∈ A1,0pq .(36)
Thus Cα is defined by the equation
ypq = xap(1 − x) .
Then Cp,q is birational to Cα . Indeed the rational map
(x, y) ∈ Cα −→ (xay−q, xp−by−p) ∈ Cp,q
is birational since
det
(
a −q
p − b −p
)
= −ap + q(p − b) = pq − ap − bq = 1.
The two curves Bpe,a and Cp,q are of special interest in the following sence.
PROPOSITION 11.1 Let α ∈ A1,0m be such that GCD(α) = 1, and let Jα be the
Jacobian variety of the curve Cα . Then Jα = Aα if and only if α is equivalent to either (35)
or (36).
To prove the proposition let
Ω(α) = {d ∈ Div(m) | (d)α ∈ A1,0m } .
LEMMA 11.2. For any α ∈ A1m with GCD(α) = 1 the following statements hold:
(i) If m = pe is a power of a prime number p, then #Ω(α) = 1 if and only if α is
equivalent to (1, tpe−1,m − tpe−1 − 1) with 0 < t < p.
(ii) If m = pq is the product of two distinct primes p, q , then #Ω(α) = 1 if and
only if α is equivalent to (1, ap, bq), where a, b are the integers uniquely determined by
(36).
(iii) In other cases we have #Ω(α) > 1.
Proof. Let r = #PDiv(m). Assume r ≥ 3, say p1, p2, p3 ∈ P(m), pi = pj (i =
j). Suppose #Ω(α) = 1. Then (pi)α ∈ A1m for i = 1, 2, 3, hence α must be of the form
α =
(
m
p1
x1,
m
p2
x2,
m
p3
x3
)
with some integers x1, x2, x3 such that 0 < xi < pi . But since mp1 x1 + mp2 x2 + mp3 x3 ≡ 0
(mod m), we have GCD(α) ≡ 0 (mod p1p2p3), which is a contradiction. Thus r ≤ 2.
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First we consider the case r = 1, namely m = pe is a power of a prime number p.
We may assume α is of the form (1, a1, a2) with ordp(a1) ≥ ordp(a2). Then #Ω(α) = 1 if
and only if pa1 ≡ 0 (mod m). Therefore a1 = ape−1 for some integer t with 0 < t < p.
This proves (i).
Next we consider the case r = 2, say m = pμqν . We may assume that α = (1, a1, a2)
with ordp(a1) > 0 and ordq(a2) > 0. Indeed, otherwise, we would have #Ω(α) > 1. If
μ > 1, then one can easily see that pa1 ≡ 0, pa2 ≡ 0 (mod m), so #Ω(α) > 1. Thus
μ must be 1, and similarly ν msut be also 1. Hence m = pq and α = (1, pa, qb) is the
element defined by (36). This completes the proof. 
Proof of Proposition 11.1. The decomposition of J (Cα) in (13) may be restated as
J (Cα) ∼
∏
d∈Ω(α)
A(d)α .
Therefore Jα = Aα if and only if #Ω(α) = 1. Thus the proposition immediately follows
from the above lemma. 
When p is a prime, it is well known that J (Fp) has the following decomposition into
Jacobians of some cyclic quotients of Fp:
J (Fp) ∼
p−1∏
a=1
J (Bp,a)(37)
(see [9], [14]). In general, even if m is a power of a prime, J (Fm) does not have such a
decoposition. However, if we restrict ourselves to the case m = pe is a power of a prime p
and if we consider, instead of Fm itself, the Jacobian of a quotient of Fm by a cyclic group
of order pe−1, then we have a generalization of the above fact. To state it, consider the
following subgroup of Gm:
H = {(1, ζ ) ∈ Gm | ζ p = 1} .
Notice that if m = p, then H = Gm. Thus the following theorem may be regarded as a
generalization of (37).
THEOREM 11.3. Let m = pe be a power of a prime p and H be as above. Then
J (Fm/H) ∼
e∏
i=1
p−1∏
a=1
J (Bpi ,a) .
Proof. This follows from the fact that α ∈ A1m is trivial on H if and only if α is
equivalent to (pe−i , ape−1,m−pe−i−ape−1) for some i = 1, . . . , e and a = 1, . . . , p−1.

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